The pseudogap phenomenology is one of the enigmas of the physics of high-Tc superconductors. Recent experimental progress has allowed the identification of high resolution details of this phase both in momentum and real space in many members of the cuprate family. These include characteristic highly anisotropic Fermi arc spectra and organisation of charge modulations into nanoscale domains and intraunit cell discrete rotational symmetry breaking in the CuO2 plane. Here, we present a theory which leads to these features as a result of the interplay between electronic and nonlinear electron-phonon interactions within a model of fluctuating Cu-O-Cu bonds. Remarkably, while nanoscale segregation is usually attributed to doping-induced disorder in cuprates, we find that at a fundamental level, disorder is not necessary for this phenomenon. arXiv:1909.02482v2 [cond-mat.str-el] 
Introduction.-The physics of high-T c cuprate superconductors is one of the great challenges of contemporary many-body physics. Independently of material details, high-T c superconductors support a very rich and complex phase diagram [1, 2] . While the Mott insulator and the basic phenomenology of d-wave superconductivity itself are reasonably well understood, the nature of the metallic phase from which superconductivity emerges is a mystery of the high-T c landscape. In particular, the origin of the pseudogap metal (PG) [3] a novel phase with highly suppressed low energy excitations that appears as the hole doping is increased beyond the Mott insulator phase, and also above the superconducting dome up to a characteristic temperature T * -is a widely debated topic [4] . The pseudogap has two complementary intriguing features: anisotropic Fermi arcs in momentum resolved photoemission spectra [5] [6] [7] instead of closed Fermi surfaces expected of metallic states, and real space nanoscale C 4 (discrete rotational) symmetrybreaking domains often associated with a local charge modulation [8] [9] [10] .
The Fermi surface properties of the PG phase [11] [12] [13] [14] [15] [16] [17] [18] have been theoretically linked to various mechanisms: topological order and spin liquid physics [19] , phase incoherent d-wave superconductivity [20] [21] [22] [23] [24] , and the breaking of various electronic symmetries not necessarily related to superconductivity [25] [26] [27] [28] [29] [30] [31] [32] [33] . A number of electronic correlation-based approaches [34, 35] predict nematic C 4 symmetry-breaking real space orderings, where the organisation of such phases into nanoscale domains is usually considered to arise from glassiness, i.e., the disordering effect of impurities [36, 37] . While the main route to explain the high-T c phenomenology and its associated PG has been undertaken via electronic correlations, several effects suggest that the coupling to the lattice modes should not be neglected. These include the anomalous isotope effect [38] , the universal oxygen vibration frequency shift in the superconducting phase [39] [40] [41] , and more recently the identification of the inequivalence of oxygen electronic and vibrational states in the two lattice directions of the CuO plane in the PG phase [42, 43] . Furthermore, theoretical models treating at the same level phonons and electronic correlations in a realistic way are needed to attempt to explain recent out-of-equilibrium light enhanced superconductivity [44] , resulting from resonant driving of the Cu-O bond [45, 46] .
A fundamentally new development in this direction has been made through the modeling of fluctuating Cu-O-Cu bonds [47] [48] [49] : these works were able to reproduce the dwave superconductivity and some characteristics of the PG without electronic correlation effects. Interestingly, the fluctuating bond model (FBM) predicts a uniform smectic/nematic oxygen bond order with C 2 spatial symmetry. The mechanism for its disintegration into the experimentally observed nanoscale domains remains however unclear.
In this Letter, we revisit the FBM and show that: (i) its uniform smectic PG phase is intrinsically unstable towards macroscopic charge separation, (ii) it is therefore necessary to include effects of Coulomb interactions and consider the PG phase resulting from the interplay of bond-phonon instabilities and electron correlations, (iii) this interplay leads to a nanoscale phase separated PG in real space with a local C 4 symmetry-breaking bond order and Fermi arcs in momentum space, and (iv) the nanoscale separation in this scenario does not result from quenched disorder. However, as reported in experiments, the PG is enhanced (reduced) by adding magnetic (nonmagnetic) impurities to the system. 
(1) where c j,σ (n j,σ ) is the electron annihilation (occupation) operator of a spin-σ electron in the 3d x 2 −y 2 orbital centered on site j, and t 0 and t are the nearest and nextnearest neighbour hopping amplitudes. The bare phonon Hamiltonian is written as the sum over the bond oscillators
where M is the O mass and u b its displacement perpendicular to the Cu-O-Cu nearest-neighbour bond b.
The oscillator potential has a double well structure with χ 0 < 0 and w > 0. The electron-phonon interaction couples the anti-bonding electron orbital charge
In this Letter, we show that the effects due to the interplay of H F BM and Coulomb interactions, which we consider as maximally screened, i.e., via an on-site term U i n i,↑ n i,↓ , are of defining importance. These interactions are distinct from the long-range interactions between charges in antibonding orbitals ∝ Q b Q b at different bonds considered in earlier works on FBM [48, 49] .
Instability of the FBM .-Due to the large difference in electron and O masses, the motion of the latter on each bond can be treated as an oscillation around the quartic potential minima. This allows for a mean-field (MF) decoupling of H b−c . The MF Hamiltonian consists of a quadratic electron Hamiltonian with renormalised bonddependent hopping amplitudes t b = t 0 − ν u 2 b /4, and a set of isolated phonon oscillators with renormalised bonddependent
and Q b have to be determined self-consistently. Using a translationally invariant MF ansatz [47] [48] [49] . From the electronic viewpoint, this is a bond ordered state with different hopping strengths t x = t y . The PG phase is then characterised by the splitting of the Van Hove singularity, which has an energy scale of the order of Ω P G ∝ |t x − t y |. This leads to a strong reduction of the density of states between the Van Hove peaks. Figure 1 shows the order parameter Ω P G with respect to hole doping δ = 1 − n (n is the electron density) at different temperatures (solid lines). We notice that the corresponding Fermi surface does not present Fermi arcs, which exhibit a C 4 symmetry. Instead, the system only has a suppression of the spectral weight at k tx>ty = (π, 0) or k ty>tx = (0, π).
The authors of Ref. [47] suggested that impurities would form, in real-space, domains of the two sectors of the symmetry-breaking, leading to a restoration of the Fermi arcs.
A more careful analysis nevertheless shows that this homogeneous PG solution is intrinsically unstable. The inset of Fig. 1 shows that the compressibility ∂µ/∂n = −∂µ/∂δ is negative in the PG phase. We find this feature not to be specific to the choice of FBM parameters but rather to persist for u 2 x = u 2 y solutions. The effects of this instability can be visualised in realspace calculations using an unrestricted MF approach, in which the self-consistent averages u 2 b and Q b are allowed to be independent for each bond. One then obtains macroscopic phase separation with distinct uniform regions of low and high electron density, without any bond order (See Supp. Mat.). We now discuss how Coulomb interactions must hence be included in the FBM to prevent the unphysical macroscopic electron charge imbalance.
The FBM+U model within MF .-We first study the effect of a large Hubbard repulsive U on the phase separation with the unrestricted MF decoupling n i,↑ n i,↓ n i,↑ n i,↓ + n i,↑ n i,↓ − n i,↑ n i,↓ . The solution of the self-consistent equations shows that, for a suffi-ciently large U 3t 0 , the on-site interaction cures the macrophase separation generated by the electronphonon interaction: the system exhibits smaller disconnected charge domains with lower density fluctuations (See Supp. Mat.). However, we do not observe any local C 4 symmetry breaking. This is due to the well known overestimation of the magnetic correlations from the MF decoupling (see e.g. [50] ). In particular, the system has here a true gap with antiferromagnetic order at the relevant dopings and temperatures, which masks any PG features.
To observe the PG features within this MF approximation, we modify the Hamiltonian parameters to shift the PG solutions to lower fillings (e.g. δ = 0.4), where antiferromagnetic correlations are less exaggerated. Quite remarkably, in this regime, a spatially randomised nanoscale phase separation emerges, with 1dimensional ladder like bond ordered patterns. While the appearance of these types of non-uniformities is usually connected to the effect of impurity disorder, here they emerge without quenched disorder.
Exact diagonalisation (ED) of the FBM+U model .-We now characterise more rigorously the PG close to half filling and in the presence of Hubbard interactions. To this end, we study the FBM+U model for a 3x3 cluster with periodic boundary conditions. We treat the Hubbard interactions exactly and the electron-phonon interactions with an unrestricted MF decoupling. For the unpolarised subspace of 8 electrons (density n = 0.89), we observe macro phase separation at U = 0 with large density fluctuations through the lattice (see Supp. Mat.). For a moderately large interaction U = 3.6t 0 , these fluctuations are strongly suppressed. Importantly, the C 4 symmetry breaking of the bonds is manifest and survives the formation of antiferromagnetic order.
We emphasise that the exact treatment of the FBM+U model for larger system sizes is numerically challenging due to the large values of U typical of the cuprates. Nevertheless, we are here interested in the phonon bond order mechanism of the PG state and the associated generation of microphase separation. The previous numerical results point to a scenario where electronic correlations do not generate the PG phase but are essential to stabilize it. To better treat larger systems in an approximate manner without the exaggerated effects of magnetic correlations at low hole doping, we propose to discard the spatial fluctuations of the local density in the electron-phonon interaction. This replacement preserves the main effect of the repulsive interaction which is to prevent macrophase separation. One then obtains a model with at most a residual small U that now does not lead to magnetic order at temperatures relevant for the PG phase. We will see that this approximation reproduces qualitatively the ED results of the full FBM+U model, preventing the macrophase separation while allowing for a C 4 symmetry breaking. Figure 1 shows the pseudopap parameters obtained for the unrestricted MF of the RI model for U = 0 at different temperatures. These results are qualitatively similar to the ones obtained for the homogeneous solution of the FBM. We now characterise more in depth the PG phase of the RI model. Figure 2 shows the PG dependence with respect to hole doping for a fixed temperature. Figure 2(a) shows the real space distribution of the bond order parameter: for large doping, i.e., δ = 0.2 we observe an homogeneous C 4 symmetry breaking. Then, for smaller dopings, the system adopts a microphase separation with nanoscale domains. We also study the Fermi surface in Fig. 2(b) . For δ = 0.2, the Fermi surface inherits the global C 2 symmetry of the solution in real space, and is only disconnected at k (π, 0). For larger dopings, the C 4 symmetry is restored on average, and the reconstructed Fermi surface exhibits the characteristic anisotropic Fermi arcs. The Fermi arc's length increases with hole doping in qualitative agreement with experimental results [1] . Figure 3 depicts the dependence of the PG with respect to temperature for a fixed doping. For increasing temperature, a progressive closing of the Fermi arcs towards a metallic Fermi surface is observed. In real space, the local amplitudes of the inhomogeneous C 4 symmetry breaking then become strongly suppressed.
Role of impurities in the RI model .-The previous section shows that the nanoscale domains appear without the need of any type of quenched disorder. We now address the effect of impurities on the PG phase. These are often used as probes of the properties of high-T c materials. In particular, substituting Cu for non-magnetic Zn suppresses the PG whereas magnetic impurities such as Ni seem to have a minimally enhancing effect for strong doping levels [51] . Theoretically, these features have been shown to emerge within strongly correlated t-J type models using the c-axis response to quantify the PG [52] .
Here, we show that the results obtained from the RI model are in qualitative agreement with the impurity related phenomenology. We model the effective impurity Hamiltonian contributions in standard fashion (see Supp. Mat. for details): (i) non-magnetic impurity sites are modeled as inert or excluded sites [53] , (ii) magnetic im- purities in the CuO plane are included as effects stemming from Hund's type interactions with localised Ni spins derived in [52, 54] . As a measure of PG features, we calculate the c-axis conductivity [55] in Figure 4 for both types of impurities. The PG solutions show characteristic low energy suppression in the real c-axis conductivity spectrum as well as a peak, which are absent in the metallic solution. The PG energy scale Ω PG is often taken to be the peak position. It indeed behaves as advertised above. Furthermore, the depth of the suppression of the pure and Ni cases are similar while the Zn PG is more filled in. Final remarks.-We have shown that including anharmonic Cu-O-Cu bond oscillations in Hubbard-type models leads to a number of key features of the PG phase including an inherent mechanism for nanoscale phase separation, Fermi arcs, and appropriate response to defects. This points towards the fact that phonons play a key role in dictating the properties of high-T c cuprates, and are not simply secondary corrections to electronic correlation effects. Fundamentally, we therefore believe that our results will fuel deeper investigations into the FBM+U model, in particular via the treatment of electronic correlation effects more exactly beyond the mean-field approximation. Moreover, the FBM+U model could also serve as a natural basis to investigate how non-thermal and dynamic phonon distributions can be used to be used to enhance and control phase competition in the cuprates. This would provide new insights into the origins of light-induced non-equilibrium superconductivity and potentially lead to improved non-equilibrium control of the cuprate phase diagram.
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where H e , H ph , and H el−ph are given by Eqs. 1-3 of the main text and the last term is the Hubbard interaction. A rigorous analysis of the FBM+U Hamiltonian, for U values typical for cuprate superconductors, constitutes a great challenge due to the strong electron correlations brought by the Hubbard term. However, the mechanism which we are interested in is the phonon bond order generation of the PG state, stabilised but not created by electron correlations. We therefore leave aside the study of correlation-driven electron pairing or exotic orders. Instead, we note that the competition between the macrophase instability generated by the density coupling to non-linear bond phonons, and the repulsion generated by the U term, is a potential source of complex bond and density patterns in real space. For a preliminary investigation of such competition, we perform an exact diagonalisation (ED) study of a 3 × 3 cluster for a model consisting of H F BM +U simplified by the unrestricted mean-field decoupling of the electron-phonon interactions term H el−ph and the Hubbard term treated exactly. We use periodic boundary conditions and a nonpolarised subspace of 8 electrons (density n = 0.89). The MF parameters u 2 b , Q b are determined self-consistently. The results in Fig. S1(a) show that, for U = 0, there is a huge electron density imbalance across the lattice (corresponding to macro-phase separation), which is in agreement with the instability of the PG phase in the FBM. This imbalance is strongly suppressed for U = 3.6t 0 (see Fig. S1(b) ). Moreover, in this case, the bond order breaking C 4 symmetry with ladder like patterns is manifest and survives the formation of local magnetic moments at this low doping level. For comparison, we also show, in Fig. S1(c) , the case without electron-phonon coupling to confirm the absence of nanoscale phase separation in the Hubbard model without fluctuating bonds.
-Mean-field study of the FBM + U
In this section, we present the numerical results obtained for the Hamiltonian of Eq. (S1) by treating the Hubbard term within the unrestricted mean-field approximation n i,↑ n i,↓ n i,↑ n i,↓ + n i,↑ n i,↓ − n i,↑ n i,↓ and allowing for local magnetisation. We consider lattices of 30 × 30 sites. The electron-phonon interaction is also decoupled in a mean-field manner. We perform self-consistent calculations for fillings n = 0.9, 0.8 and periodic boundary conditions.
The results, presented in Fig. S2 (a)-(b), show that: (i) for U = 0, the system presents a tendency towards macrophase separation (right plot), with a huge charge imbalance between the different domains; (ii) already at U = 3.6t 0 the Hubbard term prevents the macro phase separation (left and center plots); (iii) the competition between the non-linear bond phonons and the U term leads to the spontaneous formation of nanoscale phase separation (smaller domains of approximately uniform density) without any seeding by quenched disorder; (iv) at the values of U needed to avoid the macro phase separation, the FBM+U model within a mean-field approximation exhibits gaped AF solutions. These completely mask any PG phase bond order of the type seen, e.g. in the previous section, for all the relevant dopings and temperatures, as seen in the left and center plots of Fig. S2(b) . This is a consequence of the well known feature of the mean-field decoupling in the Hubbard model at large U of gross over-estimation of polarization and critical temperatures of the AF ordered phase [1] . In order to check for clear pseudo-gap signatures, we therefore move to higher hole doping levels where magnetic order is suppressed. To shift the pseudogap phase to such dopings, a substantial change of parameters (mainly the ratio t /t 0 ) was required with respect to the rest of our work. We note here that the pseudogap region in the doping axis is heavily influenced by t /t 0 as it sets the Van Hove singularity of the bare electronic system. Results are shown in Fig. S3 . Remarkably, the microphase separated solution with rich bond patterns is obtained in this case within the full FBM+U model. 
-Effect of the impurities on the pseudogap phase
In this section, we explain more in detail the study that we perform to analyze the impact of impurities on the PG phase. We consider the substitution of Cu sites with non-magnetic Zn atoms or magnetic Ni atoms. For Ni impurities, we use the Hamiltonian proposed by Vašátko and Munzar [2] 
wherec † i,σ = c † i,σ (1 − n i,−σ ) are the electron creation operators in the 3d x 2 −y 2 orbitals projected such as to avoid double occupancy n i = σ c † i,σ c i,σ , and S i are the spin operators of the d orbital. The Ni impurity sites are denoted as α and host additional 3d 3z 2 −r 2 orbitals. These orbitals carry a magnetic spin S α . The last term in Eq. (S2) describes ferromagnetic Ni on-site interaction between d orbitals. Considering an initial AF state polarized in the z direction and in mean-field approximation, only the S z components survive:
Since the 3d 3z 2 −r 2 orbitals are not affected by hopping, their spin within such approximation is classical. Nevertheless, the effect of these classical spins S α cannot be considered as quenched disorder, as their equilibrium magnetization is determined self-consistently with the other spins S α : at each step of the self-consistent loop, the requirement for S z α = 1/2 sign(S z α ) aligns it to the local 3d x 2 −y 2 orbital magnetization S α lowering the energy by −4K S z α S z α ≈ −4K (S z α ) 2 . The latter follows from that sign(4S z α ) ≈ 4S z α . As a consequence, we can consider the following effective Hamiltonian for Ni impurities: for the doped sites α we neglect the shift in the chemical potential proportional to E Ni and consider that the Hamiltonian is modified by the addition of the on-site term H α,N i = −4KS 2 z,α = −K(n α,↑ − n α,↓ ) 2 = −K(n α,↑ + n α,↓ ) + 2Kn α,↑ n α,↓ ,
which leads to a modified on-site chemical potential µ i → µ i + K and Hubbard strength U i → U i + 2K. K is set to 3/4t 0 . On the other hand, we denote the Zn doped sites as λ, and we set µ λ = ∞ to effectively remove the doped site from the lattice. In order to keep the hole concentration constant in the remaining available sites, we increase this quantity byδ = δ + n Zn , being n Zn the concentration of Zn impurities.
To quantify the effect of the above mentioned impurities in the pseudogap unrestricted solutions we use the frequency dependent transverse conductivity σ 1c (ω). It can be computed from the electronic spectrum as
where N (ω) is the density of states, and f (ω) the Fermi-Dirac distribution. For completeness, we show in Fig. S4 the density of states N (ω) corresponding to the cases plotted in Fig. 4 of the main text. 
